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We note that in (2+1)-dimensional gauge theories with even number of
massless fermions, there is anomalous Z
2
symmetry if theory is regularized in




model, which induces a mutual Chern-Simons term in the eective action due
to Z
2
anomaly. The eect of the discrete anomaly is studied in the induced
spin and in the dynamical fermion mass.





The symmetry of classical lagrangians often breaks down upon quantization. A
well-known example is the axial anomaly in quantum electrodynamics [1], where
any gauge invariant regularization necessarily breaks the axial symmetry. On the
other hand the irreducible spinor representation of Lorentz group in odd dimensions
does not have 
5
-like object. Namely, there is no matrix anti-commuting with all 
matrices in odd dimensions. For instance, in three dimensions the irreducible spinor







Therefore there is no axial anomaly in odd diemsions. But, a discrete symmetry
might be anomalous in odd dimensional gauge theories due to the incompatibility of
the gauge-invariant regulator with the discrete symmetry. The anomalous discrete
symmetry is realized as an induced quantum number for the vacuum [2].
Redlich [3] has shown that parity is anomalous in (2+1)-dimensional SU(N)
gauge theories since the parity invariant regularization results in an eective action,
which is not invariant under large gauge transformations, because 
3
(SU(N)) = Z
for N  2, and thus one needs a parity-violating Chern-Simons term to recover the
gauge invariance in the eective action. For the abelian case, parity is anomalous
in perturbation theory [3] and for time-independent gauge elds the parity anomaly
can be understood as the (1+1)D axial anomaly [4].
However, when the number of fermions is even, one can nd a parity-preserving
Pauli-Villars regulator of four-component fermions [5, 6]. Then, parity is no longer
anomalous and the Chern-Simons term is not induced in the eective Lagrangian.
In this paper, we note that for even number of two-component fermions there is
another anomalous discrete symmetry, which is not parity, and we study the eect




model. This model itself is also interesting
since it might be realized in parity-invariant planar superconductivity [7].
1





























































































































's are the generators for SU(N). Note also that we impose parity and
a discrete Z
2
symmetry to forbid mass terms for fermions and gauge elds in the










. This \chiral symmetry", which
mimics (3+1)-dimensional chiral symmetry, is not really chiral symmetry but a part
of the avor symmetry U(2) for the two two-component spinors constituting four-
component spinors. Parity P is a space-time transformation, (t; x; y) 7! (t; x; y),





































































tantamounts to the charge conjugation for U(1)
A
, the \axial" coupling.
In the perturbation of (2+1)-dimensional gauge theories, only the vacuum po-
larization and the triangle graph are ultraviolet divergent. One may regularize the
divergences with the Pauli-Villars regulator. One has then two choices for the reg-









and the other is Z
2











(but not both) is anomalous, namely PZ
2
is always anomalous.
Integrating out the fermions, one gets  iT r ln i6D in the eective action. In the
perturbation theory, if one uses the parity-invariant Pauli-Villars regulator, one gets














+    (9)
where    denotes the higher order terms and M is the regulator mass signifying
the Z
2
anomaly. The leading term in the eective Lagrangian (9) can be obtained
from the Feynman diagram in Fig. 1. This term is similar to the Chern-Simons
term but it couples two dierent gauge elds. We call this a mutual Chern-Simons
term. It leads to mutual fractional statistics and is believed to be realized in a
layered Hall system exhibiting a lling factor of even denominator [8]. One can




theory is the only
term in perturbation theory which breaks Z
2
in the eective action. Had we chosen
Z
2
-invariant Pauli-Villars regulator, we would have gotten Chern-Simons terms for
each gauge elds breaking parity.
3
The radiative generation of the mutual Chern-Simons term is also noted in ref-




arises in a model of dynamical
holes in a planar quantum antiferromagnet in the large spin and small doping limit.
But, here, we point out the origin of the mutual Chern-Simons term in (9) is Z
2
anomaly and we argue that one can not avoid it in parity-invariant theories in 2+1
dimensions because the parity-invariant regulator necessary breaks Z
2
.
Due to the mutual Chern-Simons term, fermions get a fractional spin s =
1
N
by the usual Aharanov-Bohm eect [9]. At long distances a particle carrying unit
(axial) charge g will look like a localized vortex of magnetic ux  = 2=eN (modulo
a sign which is not important here) for a particle of unit (vector) charge e. Therefore
a fermion orbiting around another fermion will get a Aharanov-Bohm phase e and
thus the induced spin s = e=2 =
1
N




































	) = s (10)
The induced spin for a four-component fermion therefore does not break parity. This
is not the case for the two-component fermion which can have only one direction
for spin, while the four-component fermion has two two-component spinors which
have spins of opposite direction. The parity-violating Chern-Simons term aects
the dynamical generation of parity-even mass for fermion in a rather interesting
way [10, 11]. It tends to break parity maximally. Namely, it reduces both of critical
avor number for mass generation and the magnitude of mass itself. We study
how the (radiatively generated) mutual Chern-Simons term aects the dynamical
generation of parity-even fermion mass. According to a general theorem by Vafa





model. We use the 1=N expansion, since it not only
gives a systemmatic way of treating nonperturbative phenomena but also softens
4
the IR divergences of perturbative three-dimensional gauge theories [14]. To have a









nite as N goes to innity.
In leading order in 1=N expansion, the gauge-boson propagators get contribution




































































































where the superscript AB means gauge elds A











































which come from the one-loop vacuum polarization. To calculate the vacuum polar-
ization, we need to know the exact form of the fermion self-energy, which requires
full solutions to the Dyson-Schwinger equations. As an approximation, we take a
constant mass for the self-energy, (p) = m
3
, which must be very small compared




, since it is generated by a nonperturbative 1=N












(p) is a function proportional to the unit matrix.














. Then, the Ward-Takahashi identity requires
the wave-function renormalization constant to be 1 for a consistent 1=N expansion.



























































































































, and the (2+1)-dimensional gauge theories are superrenormalizable,




) as a ultraviolet cuto. For




, one can simplify the expression for the


































































We see that the propagator D
AB

is proportional to m= while the other propagators




compared to other propagators, it is not clear that one can neglect the second term
in (18). However, if one analyzes the Dyson-Schwinger equation, keeping the second
term, one nds at the end that keeping the second term is equivalent to adding
a constant mass to 
3
(p). Therefore it is not consistent with the massless limit
6






, if one keeps the second term in
(18) which is proportional to m.
With the second term dropped, the Dyson-Schwinger equation (18) becomes ex-
actly same as that of pure QED
3
analyzed by many other people [15, 16], except
that now there are two copies of gauge elds. The analysis goes parallel to the
analysis in [16]. Here we present the result in a slightly dierent fashion, following
the analysis by Cohen and Georgi for (3+1)-dimensional gauge theories in the lad-
der approximation [17], where the physical meaning of constants appearing in the
asymptotic behavior of the fermion self energy is identied with the operators in the
operator product expansion of the fermion two-point function.
Taking the trace over  matrices after mutiplying 
3
and performing the angular





















k + p + 
V
=8





















k + p+ 
A
=8



























(p+ k   jp   kj) : (24)





































(p) = 0 (26)
which serves as an infrared boundary condition for 
3
(p). On the other hand, the































































. For small p, the solution to (29), which is




































and  is the renormalization point. As was shown in [17], the parameters m
R
and 







If N > N
c
, one nds that m
C
has to be zero in the chiral limit (m
R
! 0), and thus

3
(p) = 0. Dynamical mass is not generated and the trivial vacuum is the only
solution [17]. When N < N
c










r   1 ln(p=) + 

; (33)





are coalesced due to strong interaction when N < N
c
and can not be distinguished
by the operator product expansion. From the Dyson-Schwinger equation (18), we









At p '  the solution (33) for p <  should be smoothly connected to the solution
(34) for p > . This condition is given by the boundary condition (28) at p = .





















is precisely same as pure QED
3
except that the critical avor is now doubled.
Since Z
2





















-violating (but parity-even) fermion mass will be generated radiatively
in perturbation theory. However, we can still ask whether this Z
2
-violating mutual
Chern-Simons term will aect the dynamical generation of parity-even (namely Z
2
violating) fermion mass. (The parity-odd mass is not generated, even in nonper-
turbative analysis, whether the mutual Chern-Simons term is present or not.) The
analysis is again done by solving the Dyson-Schwinger equation in 1=N expansion.
For m  p   or 
0
, the Dyson-Schwinger equation will look same as before
except now the propagator D
AB


































































where we keep only the leading term in p=. We see that the mutual Chern-Simons
term contributes to 
3
(p) by a constant, which is same as having a bare mass term
9
in the Lagrangian. Therefore, the leading contribution of the bare mutual Chern-
Simons term is radiative generation of Z
2
violating (parity-even) fermion mass. It
does not aect the nonperturbative generation of fermion mass.
























































































decouple at tree level, but they get coupled through









generated by (1 + 
5
)=2 and (1   
5
)=2, respectively. The upper two-component
spinor has U(1)
L
charge e but no U(1)
R
charge and the lower two-component spinor
has U(1)
R
charge e but no U(1)
L





model is just two copies of QED
3
with a Chern-Simons term of





, the upper two-component spinor in a four-component
spinor transforms to the lower two-component spinor, and vice versa. The symmetry
is but still U(N)U(N)P . One interesting is that, when fermion gets dynamical
mass, U(N)U(N) breaks down to U(N=2)U(N=2)U(N=2)U(N=2) for even
N , which is shown to occur in 1=N expansion when N < N
c








In conclusion, we see that for an even number of two-component fermions in
(2+1)-dimensional gauge theories Z
2
is anomalous if one regularizes theory in a
10
parity-invariant way. Due to Z
2





induces a mutual Chern-Simons term in the eective action, which leads to fractional
spin to fermions in the theory. But, the radiatively generated mutual Chern-Simons
term does not aect the dynamical generation of fermion mass at least in the leading
order in 1=N expansion. Fermions get dynamical mass whenN < 64=
2
as if we have
two copies of three dimensional QED. When a bare mutual Chern-Smions term is
added, Z
2
violating fermion mass is generated radiatively but the nonperturbative
generation of fermion mass does not get aected.
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anomaly. The solid lines denote fermions, the wavy lines gauge elds.
Figure 2: Dyson-Schwinger gap equation. The (bold) solid lines denote (full)
fermion propagator, the wavy lines gauge elds.
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